We study the renormalization group for thermodynamical variables (temperature, chemical potential, etc.). U(N)-),.r/>' model with a chemical potential is investigated to demonstrate our renormalization prescription. We point out that the improvement using the two·loop renormalization·group coefficients is important and drastically changes the lowest order results. We also find that the effective coupling constant and mass in two·loop order approximation give the exact temperature and chemical potential dependence in the large N limit. § 1. Introduction
The renormalization group supplies a powerful method to study high energy behaviors 1 ),2) and phase transitions. 3 ) This provides us with an important concept: momentumdependent effective coupling constants and masses, which are the physical parameters at the relevant energy scale.
At finite temperature, there is an extra scale with dimension of energy, that is, temperature. Further, one would like to introduce other thermodynamical variables (e.g., chemical potential) into the system. Then, the introduction of the momentum-, temperature-and chemical potential-dependent coupling constants and masses, if possible, would give us a great amount of information on asymptotic behaviors and phase transitions. For instance, the temperature-and/ or chemical potential-dependent effective masses play an important role in studying systems with second order phase transitions.
)-6)
In first order phase transitions, the effective coupling constants will become important. 7) Recently, Matsumoto et al. 8 ) proposed the finite temperature renormalization group9),lO) which consists of two types of renormalization group equations: One is related to the change of the scale of momentum and the other is related to that of temperature. Chemical potential and other thermodynamical variables, however, are not incorporated in their formulation.
Our purpose of this paper is to construct the general framework of the renormalization group for any thermodynamical variable (temperature, chemical potential, etc.). The prescription is demonstrated by making use of U (N) -A¢;4 model with a chemical potential at finite temperature. It is found that the use of the renormalization group method improves the lowest order results in a non-trivial way and the importance of the two-loop calculations is pointed out. In this model, the two-loop renormalization-group coefficients are shown to be exact, that is, there are no higher-order corrections to' them in the leading order of large N.
It is known that all ultraviolet divergences in perturbation expansions of finite temperature field theories can be eliminated by counterterms independent of temperature, chemical potentials and all mass parameters of Lagrangians for renormalizable field theories. ll ), 12) This fact makes it possible to generalize the mass-independent renormalization prescription 13 ) to a mass-, temperature-and chemical potential-independent one, in which renormalization-group coefficients depend only on dimensionless coupling constants and are the same as those at zero temperature and zero chemical potential. Thus, the effective coupling constants and masses in this schemel 1), 14) are related to the change of the energy scale but not directly related to the change of the scale of temperature or chemical potentials.
T'o introduce momentum-, temperature-and chemical potential-dependent coupling constants and masses, we need to take a mass-, temperature-and chemical potentialdependent renormalization prescription, in which the subtraction point is specified by non-zero momentum, temperature and chemical potentials. Then, we can obtain a renormalization group equation associated with each variable specifying the renormalization point. Hence, momentum-, temperature-, chemical potential-(and other thermodynamical variables-) dependent effective coupling constants and masses are naturally introduced.
We can also apply this method to an effective potential. It comes out to be important when one discusses problems of phase transitions, since it is nothing but the free energy in equilibrium.
In § to use this model is that the large N limit makes our analysis simple and that even in this approximation non-trivial nature of the renormalization group method can be shown in a transparent manner. The extension to other models and the inclusion of other thermodynamical variables. are straightforward.
The Lagrangian density of U(N) -Ar/J4 model (apart from counterterms) is
where r/Ja is an N -component complex scalar field: Let· a be a chemical potential associated with some conserved charge, the
where
The renormalized mass m and coupling constant A are defined at a renormalization point (p(fJ.) , To, ao), that is, the renormalization conditions used here are*) where r(n) is a renormalized 1PI n-point vertex function and
The fact that unrenormalized quantities are independent of the renormalization point (P(fL), To, ao) leads to the following three types of renormalization group equations:
Here, Z is the wave function renormalization constant. 
The renormalization group method is also applicable to an effective potential. It is possible to improve lower order results in perturbation expansions by solving the renormalization group equations for the effective potentiaF 5 ) x V(<Pa, <pa*, T, a, A, m, To, ao)=O, (12·1)
)
where (3, 8, r are defined by (7).
One-and two-loop calculations
Let us now calculate the renormalization-group coefficients in perturbation expansions. To make our analysis simple and clear, we shall keep only diagrams which survive in the leading order of large N.
The free propagator without the chemical potential is given by5)
-iOab (13) where (J)n = 2J[n T. The inclusion of the chemical potential modifies (13) as
This expression may be obtained as follows: The presence of the chemical potential changes the Hamiltonian H: The new "Hamiltonian" fj corresponds to the Euclidean Lagrangian (16) Then, the propagator (14) is derived from (16) in momentum space. S ) In the one-loop approximation, the mass and the vertex corrections are given by Figs. l(a) and (b), respectively. Since we are interested particularly in temperature and chemical potential dependence, it is better to define the renormalized coupling constant and mass:at zero momenta, i.e., p(J1.) =0. Then, two-and four-point vertex functions with vanishing external momenta in the one-loop approximation are given byS)
Nr(4)(p=0, T, a; /\, m, To, aO)one-looP
where o(l)m 2 and 0(1)/\ are one-loop counterterms. To perform the mode sum on n, we may use the formula (Ek>O) (19) Imposing the conditions (4) In this stage, we have to restrict our consideration to the range of the chemical potential**) (26) because the function 1(m 2 /T 2 , afT) is illdefined unless (26) holds. However, we will later see that the improvement by the renormalization group method relaxes the restriction (26 ***) We assume that ,\>0. Equation (28) means that the inclusion of the chemical potential is in favor of the symmetry restoration.
We will proceed to two-loop calculations. In the leading order of large N, two-loop diagrams contributing to the mass and the vertex corrections are shown in Figs. 2 and 3 , respectively. The resulting renormalization-group coefficients are given by
8U(2)()., m, To, ao) = 8u(I)()., m, To, ao) ,
'Yu(2)()., m, To, ao) =0 . The temperature-and chemical potential-dependent coupling constant and mass*) are introduced through the differential equations with
T fr)'(T, a)=/3t(2)()'(T, a), meT, a), T, a), a dd ).( T, a) =/3u(2)().( T, a), m( T, a), T, a) ,
a .
T dm(T, a) m( T, a) dT -,c-;:;a:;---c-dm ( T, a) meT, a) da
).( To, ao) =). , m(To, ao)=m.
8/ 2 )()'(T, a), meT, a), T, a), 8U(2)().( T, a), m( T, a), T, a)
*) We use a slightly different notation from (8) and (9) . It seems difficult to solve these coupled differential equations. Fortunately, we can exactly solve the equations:*)
Here, m( T, a) is given by a solution of the "gap equation" (36) 'with (34). We can further obtain the effective-potential which satisfies (2) (37'1)
It should be noted that the expressions (35), (36) and (38) can be obtained in a different way. It is known that the model is exactly solvable in the sense of the large N limit. 16 ) . The effective potential in the leading order of large N is nothing but (38 
The curve of C(X) is schematically shown in Fig. 4 . Because the function I(X/T2, afT) is well-defined only when x>a 2 , we will restrict our consideration to the range of x>a 2 .
From (35) and (44), we have the relation
We can numerically show that the curve of C (x) goes down as T (a) increases with a fixed a( T). For small T and a, Eq. (45) has two solutions as shown in Fig. 4(a) . The mass squared m( T, a)2 is given by the smaller solution of C(X) =0*) since at T= To and a =ao**)
For sufficiently large T and/ or large a, Eq. (45) has no solution as shown in Fig. 4(b) .***) Equation (45) We have studied the renormalization group for thermodynamical variables (such as temperature, chemical potential). To demonstrate our renormalization procedure, we have considered U(N) -Arp model with non-zero chemical potential at finite temperature.
It is interesting to apply the renormalization group method formulated here to more realistic models (e.g., with a chemical potential corresponding to fermionic density in gauge theories). In particular, it is tempting to investigate the models which are asymptotically free for high energy and to show whether the models exhibit asymptotic freedom for large temperature and/ or large chemical potential. Two-dimensional GrossNeveu modePS), 19 ) is known to be asymptotically free for high energy. We can show that the theory is also asymptotically free for large temperature and/ or large chemical potential. It is, however, non-trivial to see whether asymptotic free gauge theories in four dimensions 20 ) exhibit asymptotically free behavior for large temperature and! or large chemical potential because temperature and chemical potential dependence of a diagram crucially depends on its superficial degree of divergence and its infrared behavior in the massless limit 5 ) so that the asymptotic behavior is sensitive to the space-time dimension.
